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BBEJIEHHME

B cBf3M M MIMPOKUM pPAcCIpOCTpPaHEHHEM HPWHIMIIOB pacTpeieieHHOH 00pa0dOTKH MapauiebHbBIX
IMPOUCCCOB aKTyaJIbHBIMU ABJIAIOTCA HpO6J'ICMI)I MMOCTPOCHHA U UCCIICAO0OBAHNA MAaTCMAaTHYCCKUX MOHCHCﬁ
sToro BHAa mapamienusma [1]. lanHoe cooOuieHue siBisieTcs MPOAQJDKeHHEM paboThl [2], B KOTOPOii
ObuIM peIleHbl 3aJauyd ONpEeAEeNICHUs] MUHHMMAIBHOI'O OOLIEr0 BPEMEHH pealn3alid MHOXKECTBa
pacmpe/eieHHBIX KOOIIEPaTHBHBIX MPOIIECCOB, KOHKYPUPYIOIIUX 32 MHOTOKPATHO UCTIONB3YEMBIH pecypc
Ul aCHHXPOHHOI'O U IIE€PBOTO CHHXPOHHOTO PEXHUMOB B3aMMOJICHCTBUS MPOLECCOB, MPOLIECCOPOB U
0JIOKOB CTPYKTYPHUPOBAHHOT'O POTPaMMHOT'O pecypca.

B Hactosimieli paboTe aBTOpamMH MPEIUIOKEHO pPElICHHE ONTHMU3AIMOHHBIX 3a]ad MO0 pacyery
XapPaKTCPpUCTUK MapaUICJIbHBIX CHUCTEM, IIOHMCKAa KPUTCPHUCB 3(1)(1)GKTI/IBHOCTI/I U OITHUMAJIBHOCTH
OpraHM3aIM{ BBINOJIHEHNS MHOKECTBA B3aMMOICHCTBYIONIMX PaclpeAeiIeHHBIX IPOLECCOB B YCIOBHUIX
HEOTrPaHMUYEHHOT'0 MapauIeNIn3Ma C y4eTOM HAKJIaJHbIX PacX0/10B:

1. MATEMATHYECKAS MOAEJIb PACITPEJIEJIEHHBIX
KOHKYPUPYIOIUMX ITPOLHECCOB

Jlist nanbHEHIIero N3I0KeH s MaTeprasia HaM MOHA00STCs TOHSITHS, BBEJCHHBIC B padoTe [2].

Ilpoyecc — mocnenoBaTeIbHOCTh OJOKOB (KOMaHa, HaOOpOB IEHCTBHIN) |S 2(1, 2, cery S), IS

BBITIOJIHEHUSI KOTOPBIX HCIOJIb3YETCs MHOXECTBO IMPOLECCOPOB (MHTE/UICKTYaIbHBIX HCIIOJIHUTEIICH,
MPOIIECCOPHBIX Y3II0B, 00padaThIBalONIMX YCTPOWCTB, poOoToB). IIpw STOM mpolecc Ha3bIBaeTCs
pacnpeselieHHbIM, €CIM BCe OJIOKM MM YacTh W3 HUX 00padaThIBAlOTCH pPa3HbIMH 0Opa0aTHIBAIOIIMMU
ycrpoiictBamu:  lIporeccel, KOTOpble M YCKOPEHHS CBOETO BHINOJIHEHUS 00padaThIBAIOTCS
napajjienbHO, BIMSIE Ha TOBEJGHHWE Jpyr Japyra nyreM oOMeHa wuH(opMmanuel, Ha3bIBaIOTCS
KOOnepamueHviMy WA 63aUMO0eUCmEYIouuMy TIPOLIECCAMH.

Peenmepabenvuvie  (MHO20KpamHO — uUCnoOb3yeMble) PECYpPCBl  — 3TO  PECypChl, KOTOPBIC
XapaKTepU3yIOTCS BO3MOXKHOCTBIO OJIHOBPEMEHHOTO HCIOIB30BaHMSI HECKOJIbKHUMHU Tporieccamu. st
napaulejbHBIX CHUCTEM XapaKTepPHOW SIBISETCS CUTyalus, KOTrJa OJHY U Ty JK€ IOCJIeI0BaTEIbHOCTh
0JIOKOB WJIH €€ 4aCTh HEOOXOAUMO UHTEIUICKTYAIbHBIM HCIIOJIHUTEISM BBITIOIHATH MHOTOKPATHO, TAKYHO
MIOCIIEeIOBATENIFHOCTh OyJiIeM Ha3bIBATh NPOSPAMMHBIM PecypcoM, a MHOXKECTBO COOTBETCTBYIOIIHMX
MIPOIIECCOB — KOHKYPUPYIOWUMU.

Cmpyxkmypuposanue (0exomMno3uyus)) — 3TO CIIOCOO YMEHBIIICHUS BPEMEHH BBIITOJIHEHUS OOJBIINX
3a/1a4, BBIYUCICHUH W BOOOIIE Pa3IMYHBIX MPOOIEM, KOTOPBIH MpenoiaraeT T0 WM WHOE pa30HeHUe

3agauyu Ha OJIOKH Ql, QZ’ ey Qs C MOCIEAYIOUIEW OpraHu3alueil JIMHEHHOrO WM YaCTUYHOTO

MOPSI/IKA BBHIMIOJTHEHMUSL.
Kak u B [2] maremaTudeckas MOJETh PACHpPECIICHHONW 00pabOTKHM KOHKYPHUPYIOIIMX MPOIECCOB

BKJIIOYAET B CEO: P, p 2 2 , IIpOLECCOpOB; N, n Z 2, pacnpeacICHHbIX KOHKYPHUPYIOIIUX IIPOLICCCOB; S,

S>2, 6nokos CTPYKTYPUPOBAHHOTO MPOTPaAaMMHOTO TIPOLECCa; MATPUILy T= [tij ] 1= 1n,
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j=1,S, BpEMEH BBHINIOJHEHHS OJIOKOB TIporieccaMu. BBemeM B paccMOTpeHHe mMmapamerp & >0,

XapaKTepu3yIOUMid HaKIaIHbIE pacXofbl, 3aTpauydBacMble Ha OpraHM3alyio MapajuieIbHOTO
BBIMIOJTHEHNsI OJIOKOB IMPOTPaMMHOTO pecypca MHOKECTBOM KOHKYPHPYIOIIMX —paclpeAeseHHbIX
nporeccoB. [Ipenmonaraercsi, YTo0 Bce MPONECCH MCIONB3YIOT OAHY KOIMIO CTPYKTYPHPOBAHHOTO Ha
0JIOKM TpOrpaMMHOTO pecypca. B mampHeiimem OyaeM TOBOPUTH, HYTO IE€PEYUCICHHBIE OOBEKTHI
MaTeMaTHYeCKOH MOJIENH 00pa3yloT CUCTEMY KOHKYPUPYIOIIUX MPOLIECCOB.

Onpenenenune 11 CucreMy KOHKYPHPYIOUIMX MpPOIECCOB OyAeM Ha3bIBaTh OOUHAKOBO

pacnpeoenentoli, eclli BpEMEHa tij BBITIOJTHEHUST OJIOKOB Qj' J=1,S, MIPOrpaMMHOI0 pecypca

KaXIbIM M3 i—X IIPOIECCOB COBIANAIOT M PaBHEI ti mis Bcex | =1,N, 1. e. cupaBemInuBa ILEemoyYka

PaBEHCTB tll :t|2 == "':tiS :tl JJI1 BCEX i :ﬁ

n
TN =
0603HaYNM = ti CyMMapHO€ BpPEMs BBITIOJIHEHHS KaXKIOro M3  OJOKOB Qj BceMH N
i=1
{, t t, T"
IpOLECCaMH C YYETOM HaKJIaJHbBIX pacxoloB M HaszoBeM Habop napamerpos (L, Ly, ..., L,

I[aHHOﬁ CHUCTCMbI KOHKYPUPYIOIIUX ITPOLICCCOB XapakmepucmudecKum.

2. AHAJIM3 PEXKUMOB OPI'AHU3 AU
PACIIPEJAEJIEHHBIX KOHKYPUPYIOLIMX NTPOLHECCOB

B [2,4] BBenmeHBI U HiccIeTOBaHBI 0A30BBIE ACUHXPOHHBIN W IBA CUHXPOHHBLIX PEKAMA, BOSHHUKAIOIINE
MPH OPTaHW3allMU PaclpeeCHHBIX IPOIECCOB B YCIOBHUAX KOHKYPEHIMH 3a oO0mmi pecypc. s
BBIUMCJICHUS  HAWMEHBIIErOo  OOIIer0  BpPEMEHH | BBINIONHEHHS  MHOXKECTBA  KOHKYPHPYIOIIHX
HEOJTHOPOJIHBIX, OIHOPOIHBIX W OJWHAKOBO -paclpefelicHHBIX IPOIECCOB B paMKax OYEPUYCHHBIX
PEXKUMOB TONYYCHBI PA3IMYHBIE MAaTeMAaTHIECKHE COOTHOMEHWs. OmnpeneieHHBIA TECOPETHUCCKUN H
MPaKTUYECKUN HHTEPEC MPEACTABISICT 3a/1a4a CPaBHUTEIILHOTO aHATI3a TTOTyYE€HHBIX COOTHOIICHUH.

n _
_ & & & n n__ & & __ ] —
[TycTh ﬂ— (tl, tz, very tn! Tg ) ‘ Tg —Zti ) ti _ti +6‘>0, 1=1,n} — mHOKECTBO
i=1
BCEX JIOMYCTUMBIX XapaKTePUCTUIECKUX HAOOPOB CHCTEM OJJMHAKOBO PACIIPENCIICHHBIX KOHKYPHUPYIOIIIX
MPOIIECCOB. BhIiennM 13 MHOXKECTBA ﬂ [TOJIMHOKECTBO XapaKTEPUCTUIECKIX HAOOpOB BHUA!

HT)S G, ot T st <<t 26,2028, 1=1n},

Torma nast BBEACHHOIO IMOJMHOKECTBA XapaKTEPUCTUUECKUX HAOOPOB CIIPABEUIMBHI CIEAYIOLINE
YTBEPKACHHUS.

Teopema  1.1. Ilycms o EH(T gn) —  Xapakmepucmuueckuti Habop a000lt 0OUHAKOBO
pacnpedeneHHoU cucmemvl ¢ napamempamu P, N, S U HAKIAOHLIMU pacxooamu & >0. Tozo0a & cnyuae
2<s< P munumaneneie obwue spemena Toac, TO; u Toi BbINOJIHEHUSL MHOJNICECMBA OOUHAKOBO
PACNPEOeeHHbIX KOHKYPUPVIOWUX HPOYECCO8 6 ACUHXPOHHOM U 0A308blX CUHXPOHHBIX PEeHCUMAX

cosnaoarom.

& &
Nokasatenbcrso. Iyers § =MaXt . Torma ans acuHXpoHHOro M BTOPOrO CHHXPOHHOTO
1<i<n

pexuma, 06CCHC‘-II/IB3IOH_ICFO HEIIPEPBIBHOC BBIMMOJIHEHUC KaXXI0I0 O110Ka QJ BCEMH N mpoueccaMu AJIst

J000T0 XapaKTEPUCTUIECKOTO TOMYCTUMOTO Habopa OMHAKOBO PACIIPEIEICHHON CHCTEMBI, B TOM YHCIIe

n
W JUIs1 0GOT0 XapakTeprucTiHieckoro HaGopa O € H ( T(9 ), mpu 2<S< P, mmetor Mecto paBencTBa:
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Ta(p.ns,e)=To(p.n,s,e)=T] +(s—1)t .

[lycTp B3anMomenHCTBHE MPOIECCOB, MPOIIECCOPOB U OJIOKOB OCYIIECTBIISCTCS B TIEPBOM CHHXPOHHOM
peXUME C HENPEPHIBHBIM BBITIOTHEHHEM OJIOKOB IIPOTPAMMHOTO Pecypca BHYTPH KaXKJIOTO U3 IMPOIIECCOB.

B aTOoM pexxume s MOOOTO XapaKTepUCTUIECKOTO Habopa M3 MHOXKECTBA IB mpu 2<8< p
BBITTOJTHSCTCS PABEHCTBO:

TO;( p,n,s,&)=T[ +(s—1){t,§ +imax{ti€_1 —tf ,0}}

i=2

n
TToKakeM, 4To s J0GOro Xapakrepucruueckoro naGopa O € H (Tg ) BBITIOJHSAETCS PaBEHCTBO

n
trf + Zmax{tf_l —tig 0 } = tf , TEM CaMbIM OyJIeT J10Ka3aHa Teopema.

i=2
Tak xax f = [n_axtf , to mia Beex Homepos 1<I<|<N umeer wmecro pasencrso
<i<n
| n
Zmax{tf_l —t70}=0,a a1 1<I <1 <N umeer mecro Zmax{tf_l —t* 0=t -t .
i=2 i=1+1

n
CnenosaresbHo, '[,f + Z max{tf_ 1 —tig 0}= tlf + tf —trf = tf, 4TO U TPEOOBANOCh JI0KA3aTh.
i=2

Teopema 1.2. [ua nmoboii oounaxoso pacnpedeneHHol. cucmemyl ¢ napamempamvu P, N, S u

HAaKAaoOHbIMU pacxodamu & >0, O00NYCMUMBbIL XapaKmepucmuieckuli Habop Komopotl ogH (Tgn ),

npu 2<s< P svinoanaomes coomnowenus:

TL(P.N,S,e)>Te(p,n,s,e)=TA(p.NSe).

I[ OKa3aTCJIbCTBO. Ycnosue TECOPEMBI 2 PaBHOCHUIIbHBIL HEPAaBCHCTBY

n
trf +Zmax{tf_1 —tig ,O}—maxtf >O. Jloka3aTenbCTBO MOCIAEAHEr0 HPOBEAEM HHAYKLHMEH IO
: 1<i<n
=2

umcty nponeccos 1, N> 2. Mpu N = 2 MHOXECTBO BCEX JIOTTYCTUMBIX XapaKTEPUCTHIECKUX HAOOPOB
& &
CHUCTEM OJMHAKOBO . PpAaCHpEeIeNeHHBIX KOHKYPHPYIOIIUX  IPOIECCOB ﬁ = (tl ) t2 ) Oyner
n
npUHAUIeKATh Kiaccy 1 (TE )

Ilycth, nanee, HEPaBEHCTBO TO;( p,n,s,e ) >T0€;c( p,n,s,e ) BBITIOJIHsAETCS Tipu 1= j , T. €.

i
tf + Zmax{tf_ 1 —tig ,0}— m_axtig >0, nokaxem, uro OHO cupaseymo mpu N = | + 1.
i=2 1<i<j
JelictButensHo, npu N = j + 1 umeem:
i+l
tf,,+ 2 max{t’; -t 0}— max t’ =
i=2

1I<i<j+1

I<i<j+1

j
=t + > max{t’; —t7 0}+max{t{ —tf, 0}— max t.
=2
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Paccmotpum nBa citydast:

1) MmaX tlg = tj+1 Nmeewm:

Ki<j+1
tjil+$2:max{t;"_l—tf,0}+max{tf ¢ 0}-tf, =
i=

]
= Z;{max{ti‘"_1 —t7 0} +max{t; —t{,; 0}>0.
1=

& &
31ech BTOPOE Cl1araeMoe paBHO HYJIO, TaK Kak { j+1 >1 j » @ epBoe craraemoe Oosblie HyJs1, OO B

nporieHOM ciydae O € H (T n ), YTO MPOTHUBOPEUUT YCIOBHIO TEOPEMBI 1.2.

2) smavemme MAX t° maxomures B mpomenyrke 1 <1 < | B aromenydae nmeem:
1<i<j+1

J+1+2max{t —t7 0}+max{t; —t{,; 0}— max t’ =

1<i<j+1

=17, -t +t§ +i§max{tf_1 —tf ’O}_lipf})fltf +max{t; —t7,,0}.

3nech t]—g +imax{tf tlg ,O} max tg >0 no HUHAYKIIMOHHOMY TIPEAMONIOKEHHIO U B
i=2 1<i<j+1

cuiy Toro, yro Max tg = maxtg

1<i<j+1 1<i<j
[lokaxkeM pnanee, 4TO t? j+1 —tf + max{tjg j +1 ,0}> 0. HelicTBUTENBHO, IS t j +1
PaBEHCTBO HYJIIO OYEBUIAHO.

ITpu t]—g >t]—9+1 mojIyyaemM t(j€+1 —t‘jg + max{t‘? J+1 ,0} tJ+1 —tg +tg _tj+1 =0, a npu
t'jg <tf+1 MIMeeM, UTO t]—il —t]—g + max{tf J+1, } tj+1 t]—g >0, uaro u Tpebopamoch
J0Ka3aTh.

3. KPUTEPUHN DOPEKTUBHOCTU OANHAKOBO PACHHPEAEJEHHBIX CUCTEM
KOHKYPUPYIOLIUX ITPOLECCOB

BrigenuM B Ki1acce OJJMHAKOBO pacHpeiesieHHBIX CUCTEM KOHKYPHPYIOIIUX MPOLECCOB CHEHAaIbHBIN
TIOJIKJTACC, TAaK HA3BIBAEMBIX CTHAYUOHAPHBIX CUCTEM.

Onpenenenue 3.1. OnMHAKOBO pacHpeC/ICHHYIO CHCTEMY KOHKYPHPYIOIIUX IPOIIECCOB HA30BEM
CMAYUOHapHoU, eCIH tl =t2 =... Ztn =t.

B [2,4] moka3zaHO, YTO UIsI OJWHAKOBO PACIPEICIICHHBIX CHCTEM KOHKYPHUPYIOIIMX IIPOIIECCOB C
yueroM Hakmanubix pacxonoB & >0 npu nocrarounom uncie nponeccopos, . ¢. 2 < S < P, s Bcex

TpeX 0a30BBIX PEKUMOB, BBEACHHBIX B [1], MHHMMaIbHOE OOIee BpEeMs BBITOTHCHHS T( p,n,s,g)

COBIIaAACT U BBIYHUCIIACTCS 110 Q)OpMyHeZ
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1<i<n

n -
T(p,ns,e)=T,+(s—1)to. e T, =Dt7, ti =maxt’, t7 =t +¢, i=1n.
i=1
(3.1)
Jns Bcex Tpex 0a30BBIX PEKMMOB B CIydae CTAllMOHAPHOW OJMHAKOBO PACIpEEICHHON CHCTEMBI

KOHKYPHPYIOIIUX ITPOILIECCOB B CIIydae HEOTPAHWYSHHOTO MapauieIi3Ma MUHUMAIFHOE 001Iee BpeMsl uxX

BBITIOJTHCHUA T & OIPCALIACTCS paBCHCTBOM:
T.(s<p)=(n+s-1t,.rtzet, =T"/n+g, T"=nt. (3.2)

Onpenenenue 3.2. OQUHAKOBO PACIpPENICICHHYIO CUCTEMY KOHKYPHPYIOIINX HPOIECCOB OyaeM

Ha3bIBaTh 2¢hgpekmuenoii Tpu (UKCHpPOBaHHBIX I, S>2, ecin BHINONHSETOS  COOTHOLICHHE

Ag =sT" —T( p,n,s,e ) >0, e sT" - BpeMsi BeInoHeHHsT S GsiokoB Bcemu [l mporieccamu B

IMOCJICA0OBATCIIBHOM PCKUME.

[Tpu Hanruuu ABYX 3P PEKTUBHBIX OJJUHAKOBO PACIIPEIEICHHBIX CUCTEM KOHKYPHPYIOIIUX IMPOIIECCOB
OyleM cuuTaTh, 4yTO IepBas Oonee 3(hp(HeKTHBHA, YeM BTOpas, SCIIH BEIUYMHA Ag MEPBOIl CUCTEMBI HE

MEHBIIE COOTBETCTBYIOILIEW BEJIMYHMHBI BTOpPOH. [lnsd BBEAEHHOTO . MOAMHOXKECTBA OAMHAKOBO
pacmpeneeHHbIX CUCTEM CIIPABEIIUBO CICAYIOIIEE YTBEPKICHUE.

Teopewma 3.1. /[ns m060oil 3¢hghexmusrol 00UHAKOBO PACAPEOECIEHHOU CUCEMbl KOHKYPUPYIOUUX
npoyeccos npu 2<S< Ppue&e> 0 cywecmeyem cmayuonapnas Gonee >@pexmusnas odunaroso

pacnpeaeﬂeHHaﬂ cucmema.

HokazatenbcTBO. PaccMorpuMm mo0Oyto 3¢(GEKTHUBHYIO OIMHAKOBO PACHpPEIENICHHYIO CUCTEMY.
CornacHo omnpeznenenuto 3.2, ycioBue 3¢dekTuBHOCTH ¢ yderoM (3.1) 3ammchiBaeTcsi B BHIE
CJIE/IYIOIIEr0 HEPABEHCTBA:

A(s<p)=(s=I)T"—tha)—(Nn+s-1)e>0, (3.3)

1<i<n

n
rue T = Zti , tr?1ax = maxti
i=1
st m000# cTaiOHapHOM OIMHAKOBO pacIipeelIeHHOW CHCTEMBI ¢ yueToM (3.2) uMeem, 4To
Ae(s<p)=(s=1)(T"=t)—(n+s-1)e>0, rze t=T"/n. (3.4)

Uto0B! yOenuThCcs B CHPaBEeIJITMBOCTH T€OpeMBI 3.1, TOCTATOYHO /I0Ka3aTh BBHIMOJIHEHNE HEPAaBEHCTBA

Ag 2 Ag JJIs1 BBCACHHBIX 3(1)(1)€KTI/IBHBIX CHCTEM. HO):[CTaBI/IB B JICBYIO U IPAaBYKO 4YaCTU MOCJICIAHCTO

HepasencTBa m3 (3.3) u (3.4) BMecTO Z‘g(S <p)wu Ag(S <P) coorsercrByiomue BeTHUHHb K

IMpoBC s HCCJIOXKHBIC HpeO6pa3OBaHI/I}I, MNpuxoaum K PaBHOCHIILHOMY HCPABCHCTBY
n n
T" -t <(n-1).

JlokaxkeM cHpaBeITMBOCTh TIOCIETHETO HEPaBeHCTBA. PaccMOTpUM CTalliOHAPHYIO OIMHAKOBO

. n n
pacIpeneneHHyi0 CHCTEMY, B KOTOPOi t={T<1E?](ti :tmax- ITycTe It OTpeneneHHOCTH tmaxztl’

TOrJa CrupaBCjinBa LCIIOYKa COOTHOIIICHUH

1-1 n
Tn _tgaxzzti + Zti S(n_l)tr?\ax:(n_l)t'
i=1

i=l+1
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YTO W JOKa3bIBACT TEOPEMY.
Crnenyrolee yTBEpXKICHUE YCTAaHABJIMBACT JOCTATOYHOE YCiIoBHE J((EKTUBHOCTH OJMHAKOBO
pacnpeesicHHON CHCTEMBI B CJIy4ae HEOrPaHWYCHHOTO Mapajlieiu3Ma.

Teopema 3.2. Oounakoso pacnpedenennas cucmema KOHKyPUpylowux npoyeccos ¢ napamempamu
P, N, S, &, yoosremsopsowaa coomnowenusm 3<s< p, N=S #3, sn> 2( n -I-S—l) u
O<e<min ti’ a6151emes IPHexmusHoll.

1<i<n
HoxkaszatenncTBo. Cornacto (3.3) ycnoue 3pPpeKTHBHOCTH paBHOCUILHO HEPABEHCTBY
n_ 4n
T -t n+s-1

max > . 35
P s—-1 35)

CrnenoBareNbHO, Ui JTOKA3aTeNbCTBA TEOpEeMbl 3.2 JOCTATOYHO YOCJMTBCS B CIPABEIITUBOCTH
HepaBeHcTBa (3.5). HemocpencTBeHHass MpoBEpKa IOKA3BIBACT, YTO CICJACTBHEM COOTHOIICHHIA

; n
O<e<min t; =1, 1BAsteTcs uenouka HepasencTs
1<i<n

T" _trrT:ax > (n _1)tr?win >n—1 (3.6)
g g ’

n
TaK KaK B CHJIY BBIOOpa £ BHIMOJIHACTCS HEPABEHCTBO tmin / =21

Uz SN> 2( nN+S— 1) CIIe/TyeT CIPaBeUIMBOCTh HEPABEHCTRA

n—12n+—3_1. (3.7)
s—1

IIpoBepka moka3bIBaeT, UTO HEPABEHCTBO (3.5) sBisgercs crieacTBreM HepaBeHCTB (3.6) u (3.7). Takum
obpazomMm, Teopema 3.2 nokazaHa.

Hwxke ¢opMmymupyercss u J0Ka3bIBAETCS HEOOXOJUMOE U JIOCTATOYHOE YCIOBHE CYIIECTBOBAHUS
3 PEKTHUBHOM CHUCTEMBI OJUHAKOBO PACHpPECICHHBIX KOHKYPHUPYIOIIMX MPOIECCOB MPU JAOCTATOYHOM
YHcIie MPOIECCOPOB. B 3aBHCUMOCTH OT BEJIMYMHBI HAKIIJHBIX PACX0JI0B & .

CormacHo (3.4) ycmoBwe »>hdekTHBHOCTH JHOOOH OJWHAKOBO pACHPEACICHHOH CHCTEMBI
KOHKYPHPYIOIIUX ITPOIECCOB ONPEENSIETCS COOTHOMEHUSIMHU

A:(s<p)=(s-1)(T"—t)—(n+s-1)e>0,

KOTOPBIC PaBHOCUJIBHBI BBITIOJTHCHHUIO HEPABCHCTBA

8£(s—1)T“(n—1)_
n(n+s-1)

(3.8)

)_(S—l)Tn(X—l)
ox(x+s-1)

Beenem B paccMoTpeHre GYHKITHEO (D( X

Teopema 3.3. [ua cywecmeosanus >@@hexmusHol 0OUHAKOBO PACHPEOENeHHOU CUCTEMbL

KOHKYPUPYIOWUX APOYecco8 ¢ 3d0AHHbLIMU napamempamu 3<s< P, T n’ £>0 neobxooumo u

()ocmammmo, umobbl BbINONIHAIUC Cﬂedyromue ycaoeus:
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o< A 1++s), ecuu \/'s — yenoe
Cmax{e(1+[Vs]), A 2+[Vs1)}, ecmu NS — meyenoe,

(3.9)

~DT"(x-1)
X(Xx+s—-1)

20e (D(X)Z(S

, [X] — Haubonbulee yeoe, He npesocxoosujee X .

Hdoxka3zaTenbcTBO. HeTpyaHo mpoBepuUThb, YTO OHA JOCTHIae€T CBOEr0O MaKCHMyMa B TOYKE
Xx=1+ \/g mpu X > 0. Honoxum

= 1+4/s, ecnu \s — yenoe (3.10)

max{1+[~s], 2+[vs1}, ecu /s — meyenoe

U3 ompenenenus ¢ynkuuu P, unenoro [y u HepaBenctBa (3.8) crelyer, 4TO OJIMHAKOBO

pacrmpesieieHHas cucteMa KOHKypupyromux [y mpoueccos spisiercs sdpdexrusnoit. Takum obpasom,

JIOKa3aHa TIOCTaTOYHOCTh yCJIoBUM (3.9) ist cyIecTBOBaHUS CUCTEM YKa3aHHOTO BUA.

Heo6xonumocts ycnoBuii (3.9) Oynmer nokaszaHa, eciu OyneT YCTaHOBJIEHa HEBO3MOXKHOCTh
MPOTHBOIIOJIOKHOTO YTBEPXKICHHUS, T. €. HEBO3MOXXHOCTH CYIIIECTBOBAHUS OJJMHAKOBO paclpe/esIeHHOM
cucteMbl  KOHKypupytoumx [ mporeccoB, aasi KOTOpOil  BBIIONHSUIOCH Obl  HEPaBEHCTBO
MIPOTUBOIIOJIOKHOE HepaBeHCTBY (3.8) u koropasi/ Obuta’ Ob1 3ddexTrBHON. Eciam mpenmnonoxkuTh

CYLICCTBOBAHHNC takoil cucreMsl ¢ N mnponeccamu, TO JOIDKHO BBINOJIHATBCSA COOTHOLICHUC n+# no , TaK

KaK BbIIIE€ YCTAHOBJIEHO, YTO OAMHAKOBO paclnpeacicHHasd CUCTEMa C no mnponeccaMmmn 3(1)(1)6KTI/IBHa.

Clle/10BaTeNbHO, VIS HEe MMEET MECTO HEPABEHCTBO & = ( S— l)T n( Ny — 1) / no( Ny +S— 1) , B TO

BpEMs KakK JId runorernyeckoi-—cucremel . ¢ N mnmponeccaMu JOJDKHO BBINIOJHATECA B CHITY

TIPE/NONOKEHHsT HEPABEHCTBO & = ( S— 1)T n( Ny — 1) / no( Ny +S— 1) . O4eBUIHBIM CIIEACTBHEM

MOJIYYCHHBIX HEPABEHCTB SIBISICTCSL HEPABEHCTBO & > £ . llomyueHHOE MPOTHBOpEYHE YCTaHABIHUBACT
HEO0X0MMOCTh yciioBui (3.9). Takum 00pa3oM, JT0Ka3aTeIbCTBO TEOPEMBI 3.3 3aBEPIICHO.

OuesnjHo, Takoii cuctemel HeT ipu 1=y, Tak kak, B cuily onpenenenus yHKuuu (0, st Takoro

N BreImONHAETCS HEPAaBEHCTBO MPOTHBOIIONIOKHOE HepaBeHCTBY (3.8) M, clemoBaTebHO, TaKas CHCTEMa
HE MOKET OBITh 3¢ PEKTHUBHOM.

B clIydac n< no , B.CHUIIY OIIPCACIICHUS no , JOJDKHA BBIITOJIHATHCA LICTIOYKAa HCPABCHCTB BU/JIa

(s-1T(n-1) (-1 (np-1) _, (311)
n(n+s-1) — ny(ny+s-1) |

U3 KOTOPOIi ciieyeT HeahGeKTUBHOCTD mpenoaaraeMoii cucremsl ¢ N nporeccamu B cuiy (3.8).
Haxonen, ecnu N >Ny, To cnencreuem nepasencts (3.8) u (3.10) spnsercsa HedhPeKTUBHOCTH

HpeanoiaraeMoil OTMHAKOBO paclpeieieHHOW crcTeMbl KOHKypupytomux I mporeccos. IoayueHHbIe
MIPOTUBOPEYHSI BO BCEX BO3MOXKHBIX CITYYasiX JOKa3bIBAIOT HEOOXOMMMOCTE yciioBHit (3.9).
HocTaToynocTh ycnoBuil (3.9) HemocpenCTBEHHO clieyeT M3 Haaudus QyHKIMH (P CO CBOMCTBOM

(3.8). HeiicTBUTEnbHO, B 3TOM ciydae TpeOdyemoil 3(p(eKTUBHON OAMHAKOBO paclpe/ieIeHHON CHCTEMBI
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apnsercs cuctema ¢ =1, koukypupyroummu mpoueccamu, rae N onpenensercs gpopmynoit (3.8).

Teopema 3.3 nokazaHa.

n

Ha pucynke msobpaken rpadpux dynkuun Y = (p( X), x>0, npr (PUKCUPOBAHHBIX S, T", ¢.
CymiectBoBanne 3P ()EKTUBHONW OJMHAKOBO PACIPEACICHHON CHCTEMbl KOHKYPHPYIOIIUX IPOIECCOB
onpenensercs oonacteio 2. Bee nenounciennsie Touku otpeska (2 sBimsorcs sHaueHmaMu N, mpu

KOTOpBIX ~ cucTemMa  Oyner  oddexTuBHOH, mnpm dtoM  X| = 1+ [\/S] , X = 1+\/§ )

X, =2+ [/s].

3ameuanue. llpu P=S= 2 oounaxoso pacnpeoenentas cucmema KOHKypUpyowux npoyeccog

} P n-1
0yoem 3¢hghexmusHol, eciu 8bINOIHACMCA HEPABEHCMBO —— <—.
T" n(n+1)
@(X)
g
_____________ PR A AR AN SER SN S SIS Y AU
* : i T"‘_ MR . o
¢ | | MRS
| |
TS | I
| |
| |
| |
| |
| |
| |
| I
| |
| |
1 X1 X Xz

Q S
o

Pucynoxk — rpapuk pynkmuu Y = (0( X ), X>0, upn puxcuposanneix S, T n y €

4. OIITUMAJIBHOCTH OIJMHAKOBO PACIIPEAEJEHHBIX CUCTEM
KOHKYPUPYIOLIMX TPOLHECCOB

On peaciaceHUuc 4.1. B(I)q)eKTI/IBHaH OAWHAKOBO  pacCHpeACiCHHAsA CHCTECMaA  HAa3bIBACTCA
onmuMaﬂmeZ, €CJIM BCJIMYMHA AE JO0CTUTACT HanOOJIBIIETO 3HAUCHUS.

B pasnene 3 mokazaHo, 4TO ONTHMAaIbHYIO OJMHAKOBO PACIIPENEICHHYI0 CUCTEMY JOCTATOYHO UCKATh
cpend  3(G(EKTHBHBIX OJUHAKOBO PACIPEIEICHHBIX CHCTEM. bojee Toro, B cuiy Teopembl 3.1
ONITUMAJILHYIO OJIMHAKOBO PACIPE/ICNICHHYIO CUCTEMY CIIEJyeT UCKATh CPEIU CTAIMOHAPHBIX OJMHAKOBO
pacnpeneneHHbIX cuctem. Torma ¢ yuerom (3.4) umeem:

A(s<p)=(s-1)T"(1-1/n)—(n+s-1)e.

BBenem (yHKIuMIO 1elcTBUTENBHOTO aprymMenTa X BUja:

Zlg(x)=(s—1)T”(1—%j—(x+s—1)g, X>1.
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Pemrenne 3amadd 00 ONTHMAJBHOCTH OJWHAKOBO PACIpPENENCHHOM CHCTEMBI, cocrosmieid u3 [
KOHKYPHUPYIOIIUX MPOIECCOB, JUIsl JOCTATOYHOT'O YHCIA MPOIECCOPOB I BCEX TPeX 0a30BBIX PEKHMOB
CIIeTyeT U3 TEOPEMBI.

Teopema 4.1. [na moco, umobvl >ppphexmusnas 00UHAKOBO pPACNPeOeNeHHas Ccucmema
. n
KOHKYPUPYIOWUX NPOYeccos Oblia ONMUMATbHOU NPU 3A0AHHbIX 2<s< p, T", £€>0, neobxooumo

u Oocmamquo, umobvl ona OvLIA cmauuonapHOﬁ u 4ucio npoyeccoe no 6 cucmeme paeHAl10Cb odnomy
usz qucei

(=T |1 =D g |~ o],

g g

6 Komopom ¢hyHkyus Ag(X) oocmuzaem Hauboabwe2o0 3HaveHus. 30echb [X] o3Havaem

Haubonvuee yenoe, ne npesocxoosuee X, N —sadannoe uucno.

Jloka3zaTenbCTRBO.
Heob6xoaumocTh. PaccMoTpuM BBeIeHHYIO (DYHKITUIO:

Ae(x)=(s=1)T" 1—% —(x+s-1)&, x>1.

CornacHo ompeneneHuto 3.3 0OQMHAKOBO pacHpeAeieHHas cUcTeMa OyJeT ONTHUMAajIbHOM B TOH TOUYKE
X, rae QyHKIMS Ag( X) JIOCTUTAET CBOETO HauOOoJIbIIEero 3HaueHus: [lokaxxeM, 4To (hyHKITHSI Ag( X)
n
(s—1rT

JO0CTUTACT CBOCTO HanOOJIBIIErO 3HAYEHUS B TOUKE X = 4[———F——— . I[eﬁCTBPITeJ'ILHO,
&

Z\;(x)=(s‘x—12)Tn—g, A (x)=—2r(5=1)

3 <0, tak kak S=2, X>0.
X

CHGHOB&TGJ’IBHO, (bYHKI_[I/IH Ag(X) AOCTUTaCT MAKCMMyMa B TOYKE, I'IC IICpBasg €€ IMPOU3BOJHAA

- * s-1 Tn
oOparaercsi B HyJib Ag( X) =0,1.c X = Q .
&

LemounciieHHBIMA TOYKaMH, B KOTOPBIX JOCTHTAeTCsl HauOolblliee 3HaYeHHE (PYHKIMH Ag(X),

oynyr Ny = [X ] wm My = [X ] + 1. Cnenosarensho, B kauectBe My MOXHO BHIGPATH OIHO W3

yHcel ﬂ ) & +1, s KOTOpBIX (QyHKIHS Ag( s< p) IIPUHUMAET
£ &

HauOoJIbIIEE 3HAUCHUE.

(s—1)T" (s—1)T"
Ecam xe okaxkeTcs, 9YTO HH OJHA M3 TOYCK — |, _— +1, B KOTOpOU
g '

dysxmms A (X) [IPUHUMAET HauOoJIblllee 3HAUEHHE HE IPUHAAJIEKUT [2,n], TO B KadecTBe
ONTUMAJILHON BBIOMpacM 3P (EKTHBHYIO OJUHAKOBO PACIPEACICHHYIO CUCTEMY C YHCIOM IPOLECCOB

N, =n.
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B cunty oTpumarenbHOCTH BTOPOW MPOM3BOAHOM, Mccieayemas (yHKIHs Bbimykia. CiemoBaTeiasHO,
TOYKa MaKCHMyMa BCera CYIIecTBYeT, a 3HAa4uT M cymecTtByeT d¢h(deKTHuBHAS OIWHAKOBO
pacnperelieHHas CUCTeMa KOHKYPUPYIOIIHMX MPOLIECCOB B ciyyae, koraa 1 —»00.

JocTaTOYHOCTH CJemyeT W3 CBOMCTB BBITYKIOCTH (hYHKITHH Ag( X) opu S < p Ha OTpe3Ke

[2,n].
BBIBO/JIbI

[Tony4eHHble HEOOXOAUMBIE H AOCTATOYHBIE YCIOBUS d(PGEKTUBHOCTH M ONTUMAIBHOCTH OAMHAKOBO
pacrpeeneHHbIX CUCTEM KOHKYPUPYIOIIMX IPOLIECCOB MMEIOT MHOTOUYHMCICHHBIE 00JaCTH MPUMEHEHHUS.
B uactHOCTH, OHM MOTYT OBITH MCIOJIB30BaHBl IPU ONTHMHU3ALMK IIPOLECCAa NPOU3BOACTBA U TOCTABKU
MPOAYKINU KPYIHBIMHU MPEINPUATAIMH, IPU IPOEKTUPOBAHUM M CO3/1aHUU CHCTEMHOTO M MPUKIIATHOTO
IPOrpaMMHOr0 00eCTIeYeHHs], OPUEHTHPOBAHHOTO Ha MHOT'OIIPOLIECCOPHBIE CUCTEMBI M BHIYUCIIUTEIbHbIE
cetn. MaremaTHyeckass OCHOBa sBJsieTcsl 0a3oi 1 3()(peKTUBHON OpraHM3alMU CIIOXHBIX MPOLECCOB
Pa3INYHON MPUPOBI B 9KOHOMHUKE, MEANLIMHE, OAHKOBCKOH chepe U T.1.
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PROBLEMS OF THE OPTIMUM ORGANIZATION THE COMPETING
DISTRIBUTED PROCESSES AT SUFFICIENT NUMBER OF PROCESSORS

P.A. PAVLOV, N.S. KOVALENKO
Summary
Optimising problems by calculation of characteristics of systems of parallel processes, problems of
search of criteria effective and optimum are solved the organizations of performance of set of the parallel

distributed processes in the conditions of unlimited parallelism taking into account an overhead charge.

Ilocmynuna 6 pedaxyuro 26 aseycma 2009 e.
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